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Abstract-Effective constructions of ordinary linear differential equations of arbitrary orders are 
presented that give equations with solutions of prescribed qualitative properties, like solutions in 
the classes LP, converging to zero or bounded solutions, etc. Connections with transformations of 
equations and distribution of the zeros of solutions are considered as well. Results generalize those 
obtained for the second-order linear differential equations. @ 2004 Elsevier Ltd. All rights reserved. 
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1. HISTORY 
Differential equations with prescribed behaviour of their solutions have often been studied in the 
mathematical literature. Especially, the second-order linear differential equations in the Jacobi 
form 
y” + p(z)y = 0 (P) 
were constructed with only bounded solutions, with all solutions in I? (for p = 2 the so-called 
limit circle case), with all solutions tending to zero as z goes to the right end of the interval of 
definition of(p), see e.g., [1,2]. Al so equations (p) admitting solutions with a given distribution of 
zeros (oscillatory or nonoscillatory behaviour, disconjugacy) were described in [3]. These results 
also enabled us to answer some open questions from this area of research [4-61. An overview of 
these results was given in [7]. 
Here we extend this approach from the second to an arbitrary order of linear differential 
equations. 
Problems of this character have also been studied in several papers and monographs, e.g., 
in [8-131 and other sources. 
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2. NOTATION AND PRELIMINARY RESULTS 
Consider a linear differential equation of the form 
y@) +p,-l(x)y(n-l)+...+po(rc)y = 0, on I, (PI 
I being an open interval of the reals, pi are real-valued continuous functions defined on I for 
i = O,l,. . ,n - 1, i.e., pi E CO(I), pi : I -+ R. 
Take functions f : J -+ R and h : J + I satisfying 
f E CYJ), f(t) # 0, for each t E J, 
h E Cm(J), h’(t) # 0, for each t E J, and h(J) = I. 
For each solution y of equation (P), the function z defined as 
.z : J -+ R, z(t) := f(t) . y(h(t)), t E J, w 
satisfies again a differential equation of the same form 
,(n) + qn-l(t)z+l) +. . . + go& = 0, on J. (Q) 
Since h is a Cn-diffeomorphism of J onto I, solutions z are transformed into solutions y on their 
whole intervals of definition. 
DEFINITION 1. We say that equation (P) is globally transformable into equation (Q) if functions f 
and h of the above properties exist such that z in relation (f,h) is a solution of (Q) whenever y 
is a solution of(P). We write T(P) = (Q) for T = (f,h). 
Since global transformability is an equivalence relation, we also speak about (P) and (Q) as 
equivalent equations. 
Let Y(X) = (YI(x), . . . ,Y&))~ d eno e t an n-tuple of linearly independent solutions of equa- 
tion (P) considered as a column vector function, or as a curve in n-dimensional Euclidean space IE, 
with the independent variable 2 being its parameter, yl(~), . . . , y,(x) as its coordinate functions 
and /ly(z) 11 = y:(z) +. . . + Y:(X) denoting its Euclidean norm; AT means the transpose of a 
matrix A. 
If z(t) = (q(t),. . . , .zn(t))’ denotes an n-tuple of linearly independent solutions of the equa- 
tion (Q), then the global transformation (f, h) can be equivalently written as 
z(t) = f(t) . y(h(t)) 
or, for an arbitrary regular constant n x n matrix A, 
z(t) = Af @) .YMt)), (Af,h) 
the last relation expressing only the fact that another n-tuple of linearly independent solutions 
of the same equation (Q) is obtained. 
Define the n-tuple v = (WI,. . . , w,)~, 
Y(X) 
V(X) := IIyoll’ 
It was shown in [3], that v E Cn(l), v : I -+ IE,, and the Wronski determinant of v, W[v] := 
det(v, v’, . . , v (+l)), is different from zero on 1. Of course, llv(x)II = 1, i.e., v(x) E ‘&-I, 
where &-I is the unit sphere in IE,. Evidently, the differential equation which has this v as its 
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n-tuple of linearly independent solutions is globally equivalent to (P). Moreover (see again [3]), 
if 
4s) := v(!ds)), 
where the function g satisfies 
g(s) : K -+ 12 R, g(K) = I, Ik-74’1 = IIV’(~c)II 
for the inverse g-l to g, and hence, g E C”(K), g’(s) # 0, on K, 
then we have IIu’(.s)II = 1, i.e., this u is the length reparameterization of the curve v. Of course, 
Ilu(s)jl = llv(g(s))lj = 1. Let equation (R) denote the differential equation admitting u as its 
n-tuple of linearly independent solutions on K C Iw. The the above-considered equation (P) is 
globally equivalent to equation (R). This equation (R) can be considered as a representative of 
the whole class of equations globally equivalent to (P), a so 1 called its canonical equation. 
DEFINITION 2. Canonical equations are characterized and defined as those linear differential 
equations admitting n-tuples of linearly independent solutions u satisfying 
IlU(~ = 1, IIu’(s)ll = 1. (1) 
The explicit expression for canonical equations can be obtained by the following procedure. 
The vector function u : K + Iw satisfies the Frenet system of differential equations, if we write u1 
instead of u: 
u; = u2, 
u; = -u1 + kl(S)U& 
u; = -k1(s)u2 + Icz(s)uLl, 
u;-1 = -k-S(S)&-2 + ‘4%-2(S)Un, 
II:, = -kn-2(S)Un--lr 
s E K, with (curvatures) ki E Cn--i-l, ki(s) # 0 on K for i = 1,. , n - 2. 
The canonical differential equation corresponding to u is the nth -order linear differential equa- 
tion for u1 obtained by eliminating other ui from the above system (2). The coefficients of this 
equation are formed from the curvatures Ici. That is, if we write u instead of u1 we get 
for n = 2, u” + u = 0, 
for n = 3, k:(s) zL”’ - - kl(s) u” + (1-t m4> 
ki (3) u’ - -u = 0, 
kl (s) 
on (different) K c II%, see [3,7]. There we can also find that 
u”’ + U’ + p(t)u = 0, p(t) E Co(K) on different K 2 ill, 
may often be taken as representatives of equivalent classes of equations instead of equations (3), 
however condition (1) need not be generally satisfied in this case. 
3. THEOREMS-CONSTRUCTIONS 
Bounded Solutions 
Consider a canonical equation (R) and its n-tuple of linearly independent solutions u satisfy- 
ing (1). 
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THEOREM 1. All linear differential equations (P) equivalent to (R) with only bounded solutions 
are exactly those obtained as (P) = r(R), r = (f,h) with bounded f. 
Boundkdness is always meant as bounded from below and above on the whole interval of 
definition. 
PROOF. (+) Let all solutions of an equation (P) b e b ounded on its definition interval I. Then 
also each component yi of its n-tuple of linearly independent solutions y is bounded. This means 
that 
is bounded. 
Ilu(x = IIf ‘4&))ll = If(~ llU(~(~))ll = If( (4 
(+) If f in 7 = (f,h) is bounded, then each solution y of (P) is bounded, because 
NOTE 1. In Theorem 1, all linear differential equations with only bounded solution are con- 
structed when all canonical equations are considered, since each equation belongs to a certain 
class of equivalent equations having always their canonical form. 
Solutions Tending to Zero 
THEOREM 2. All solutions of an equation (P) equivalent to the canonical equation (R) tend to 
zero as they approach the right end of the interval of definition I exactly when equation (P) 
is obtained from equation (R) by means of a transformation r = (f,h), r(R) = (P) with f(x) 
tending to zero as x approaches the right end of I. 
PROOF. Analogously to the proof of Theorem 1, the sufficiency and the necessity follow from 
relations (4) and (5). I 
NOTE 2. All equations admitting only solutions tending to zero can be constructed on the base 
of Theorem 2 from all canonical equations due to the same argument as mentioned in the above 
Note 1. 
Solutions in Lp 
THEOREM 3. An equation (P) admits only solutions in the class LP if and only if it can be 
obtained from its canonical equation (R) by a transformation T = (f,h),’ (P) = T((R)) with 
f ELP. 
PROOF. (=+) If JlflPdz < 00, then for each solution y of (P) 
for M := f~(Ciz;” Ic,I)P. 
(+) Consider the function ‘p defined on the unit sphere S,-l 
space lE,, 
dx = A4 
I 
lflP dx < 00, 
in the n-dimensional Euclidean 
$0 : s,-1 ---f IR, p(w1,. . ,w,) := c IWilP, v = (WI,. ) ?J,)T E s,-1. 
i=l 
Since not all 2ri are zeros, the function ‘p is positive on its compact domain, the sphere S,-1. 
Hence, ‘p attains here its positive minimum m, m > 0. 
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If all solutions of equation (P) are in LP, then 
CO> SC i;l l~i(x)l~ dx = j-5 (If(x . bi(h(~))l~) dx i=l 
Due to (l), we have (Cy=“=, ]~i(h(~))]“) > m > 9, and hence, 
Thus, f E Lp. 
4. FINAL COMMENTS 
REMARK 1. In Theorems l-3, we have seen that asymptotic properties of solutions of a linear 
differential equation in a class of equivalent equations depend exclusively on the factor f in the 
global transformation r = (f,h) transforming a canonical equation of the class to a given equation. 
REMARK 2. On the contrary, the character of distribution of the zeros of solutions is the same 
for all equations in the same class of equivalence (up to metric properties that depend on h in T), 
see [3,7]. In particular, if an equation is oscillatory to both sides of its interval of definition, 
then all equivalent equations (including a corresponding canonical one) are oscillatory to the left 
and to the right. The same is true for the number of the zeros of solutions, the disconjugacy of 
equations, etc. 
It means that for constructing equations with prescribed character of zeros of their solutions 
it is sufficient to have one equation of this property for the whole class of equivalent equations. 
By using the geometrical approach described in [7, Chapter lo], this required equations can be 
obtained by considering curves on unit spheres in n-dimensional Euclidean space having specified 
intersections with main circles on these spheres. 
REMARK 3. On the basis of results in [ll] the foll owing problem has arisen for the second-order 
linear differential equations (p) in the Jacobi form. It was the question whether equation (p) 
with all solutions in L2 and singular (to the right end of its interval of definition, i.e., in the limit 
circle case) can admit only bounded solutions. The negative answer was given in [I] (see also [6] 
and comments in [7, Chapter 9, Section 2.61). H ere we answer an analogous question for the 
nth-order equations (P). 
REMARK 4. For any n and p > 0, there exists an nth -order linear differential equation with all 
solutions being oscillatory and at the same time in L P, however, not all of them are bounded. 
Such an equation can be constructed as follows. 
First, by using the geometrical approach mentioned above, consider a curve on the unit 
sphere S,_i corresponding to an oscillatory canonical linear differential equation (R) with all 
oscillatory solutions, see [7]. 
Then transform equation (R) by a global transformation r = (f,h) with unbounded f and still 
belonging to LP. Equation (P) = r((R)) has the required properties: 
lo all solutions of equation (P) are oscillatory because its canonical equation (R) has this 
property, see Remark 2; 
2’ all solutions of (P) are in Lf’ due to Theorem 3; 
3’ there exists an unbounded solution of (P), 0th erwise f would be bounded according to 
Theorem 2. 
FINAL REMARK. We have seen that problems concerning the existence or nonexistence of linear 
differential equations and their effective constructions can often be converted to questions from 
the constructive theory of real functions. 
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